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iU XUPUV_ROU PQU cRU SYLUVT\`U[VTS Z^ QZ\Z_ZVLQRG aUGPZV U\XS ZO PQU
GZ_L\U] SYLUV_TOR^Z\XS Z^ Π8Sb__UPVRG T`S# ROPVZXYGUX [b }Y N ~TORO
!SUU m<n" wQU VUSY\P RS PQTP# YOXUV GUVPTRO VUSPVRGPRZOS# TOb aUGPZV U\X RS
^YOXT_UOPT\ ^ZV PQU OTPYVT\ TGPRZO Z^ PQU cRU SYLUVT\`U[VT qn(C) iU YSU
PQU VUSY\PS Z^ PQU LTLUV [2]# WQUVU PQU ST_U LVZ[\U_ ^ZV PQU Π8Sb__UPVRG
SYLUV8jVTSS_TOORTOS WTS GZOSRXUVUX 
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 M0 +2?6 !2 1 [3]" ( 6 
/& m,n ∈ N   ? $&(0 $&0 /& k = (k1, . . . , kr) 
l = (l1, . . . , lr)# # / 0 ≤ kr ≤ . . . ≤ k1 ≤ m, 0 ≤ lr . . . ≤ l1 ≤ n 
0 < kr + lr < . . . < k1 + l1 < m + n $ +2?6. F
m|n
k|l .8
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Cm = V0¯  Cn = V1¯ 
&. 1 s = 1, . . . , r 72  ?8
 Is0¯ ⊂ {1, . . . , ks−1}  Is1¯ ⊂ {1, . . . , ls−1}#  k0 = m# l0 = n# # /
|Is0¯| = ks, |Is1¯| = ls#  +&12 Is = (Is0¯, Is1¯), I = (I1, . . . , Ir) 12 ?8






, s = 1, . . . , r, (1)
62 (ks−1+ls−1)×(ks+ls)# H# / Xs = (xsij) ∈ Matks−1×ks(C), Ys = (ysij) ∈
Matls−1×ls(C)#  Ξs = (ξsij)  Hs = (η
s
ij) . 6 0 /0 M&2 
 M2  2$ ZIs  0  22 i ∈ Is0¯  ks−1+i, i ∈ Is1¯# &1 8
.( /. +2$ Eks+ls  ' (# / ?2 I0¯ = (I10¯, . . . , Ir0¯)
 I1¯ = (I11¯, . . . , Ir1¯) /H   2?6.0 7&  0 8
0 210 UI0¯ ⊂ Fmk1,...,kr  VI1¯ ⊂ Fnl1,...,lr # &&(2
2  0 &1 M&2  2$ Xs  Ys#  0.-
 /H +2$  2 ?62# 2 +&& ?   8
0 210 {WI = UI0¯×VI1¯}  Fmk1,...,kr ×Fnl1,...,lr # 62 ?2
I = (Is)  +H- M 2?6 22 WI  +?&(# /8
    +& 9#  /2 2 &1
M&2 2$ Ξs  Hs#  0.-  /H +2$  2 ?8
62#   M +?& +&.H. 2 2$2
(ZI1 , . . . , ZIr) K2 +( 7$ +0 21 2. +?&.2#




, ZJs = CIs−1Js−1ZIsC
−1
IsJs
, s ≥ 2, (2)
 CIsJs  ?2. +2$ 2$ ZIs # .-. 6   22
6 Js p&  +2-(H M0 7$ +0 +?& +&.H
 +2?6#   6. +2?62 7&
Fm|nk|l   &/ r = 1 +2?6 7& 6.   
 ?6. 1 /6 Grm|n,k|l !2 mDn" 
( +( 6 /& n ∈ N  ? $&(0 $&0 /&
k = (k1, . . . , kr)# # / 0 < k1 < . . . < kr < n +&2   )

Π@0& . + k = (k1, . . . , kr)  Cn|n   ++28
?6 +2?6. Fn|nk|k   $ ? &( +28
?6  Fnk × Fnk #  2 ?62 1&..  Fnk  
&.
1 s = 1, . . . , r 72  ? Is0¯ ⊂ {1, . . . , ks−1}#  |Is0¯| = ks
 k0 = n#  22 +&H 9 &&(H   +2?8
6 Fn|nk|k # H-H ? + Is = (Is0¯, Is0¯)    +8
H &(  Fnk × Fnk #   H-0 2 0 2$0 !<"
? ?& /0 ! /0"  2H  628
 +&2 ++2?6 Π822/0 7&  M0 &&(0
0 .2 Xs = Ys# Ξs = Hs# #  & (# & 
7$.2 +0 21 2. 2 2# 62 72&2 !D" 






, s = 1, . . . , r. (3)
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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 <D<
) ?2 /( /2  /2 &&(2 2  +8
+2?6 M&2 2$ Xs  Ξs #  0.-  8
/H +2$ :$ +0 21 2. 2# /H-2 68
&/2 ?2# 6H. 72&2 !D" &/ +2?6 218
 2(  21 +10 / 2762# $8
 2 /2 &H2 +?62 ++
Cn|n !2 m<n"  ? ?6/(. /6 ΠFn|nk|k   &/ r = 1 +2?8
6 Π822/0 7& 6. Π@0   r
2 ?2 ?6/(  1 /6 ΠGrn|n,k|k !2 mDn" 

& 2 ?2 +&(6( 2&H  ?6/.# +.  m<#
Dn 2+& +2?6 6+.   (M,O)#  M  
$.# .&.H-.. ?/2 2+&2 2?62#  O  8
 +/  12 +2?62 (M,O) .6 &( +/
T = DerO  M # .&.H-. +/2 +&? ' &( +$
[X,Y ] = Y X − (−1)p(X)p(Y )XY  &?&( /. +/ T 6H. @
.     (M,O)r  &.H 2+&H +&8
? ' v(M,O)# . /2# & M 2+ 9 6/ 
 /& M +&? '  &/#  (M,O)  +2?6
Π822/0 7& 6 + 





, A,B ∈ gln(C),
 ?1. ?/ Z8 K22 !2 m<n"# /  +2?8
6 ΠFn|nk|k +&  & +++ ' Qn(C)# H8
- +&? ' qn(C) q   0 9 0 6+.
72&2 
(L, (ZI1 , . . . , ZIr )) → (Z˜J1 , . . . , Z˜Jr),
 L ∈ Qn(C), Z˜J1 = LZI1C−11 , Z˜Js = Cs−1ZIsC−1s .
(4)
K( C1  ?2. +2$ 2$ LZI1 # .-.  0  22
6 J1#  Cs, s ≥ 2#  ?2. +2$ 2$ Cs−1ZIs # .-.  0
 22 6 Js q  $  22762 +&?
' μ : qn(C) → v(M,O)  &/ r = 1  mDn 6# / Kerμ = 〈E2n〉#  E2n
h /. 2$ +. 2nr M 6&( & +.  ?-
&/ &&(# μ $ l 22762 +&? '
qn(C)/〈E2n〉 → v(M,O) ) 12 &# / &. ?&(9 + 7&
M 22762 .&.. 627622  M2 ? +&(6(. 28
# 6?  m@n &. 9. &/ 6/ &. +2?6
7& Fm|nk|l  
3 
'5"'= & %:488'%% &=D
+22# / .
 2+& +2?6. (M,O)  28
+& +2?6 (M1,O1) 6. + F = (f, f˜)#  f : M →M1
<DD 
 
 &27 ?1  f˜ : O1 → f∗(O)  22762 +/ +&?
!2 m<n" )762 +2?6 6. 627622# & -8
 ?  2 2762 
482  .# / 6     &2 (F,OF )# ?6 (B,
OB)# +2 (M,OM )  +$ P = (p, p˜) : (M,O) → (B,OB)# & 8
-H  + {Ui} 2?6. B  62762 +28
?6 ψi : (π−1(Ui),OM ) → (Ui,OB)× (F,OF )# # / &H-. 22
22A
(π−1(Ui),OM ) ψi−→ (Ui,OB)× (F,OF )
↓ P ↓ pr
(Ui,OB) = (Ui,OB)
,
 pr h +$.  + 21&( 

'5"' 6 72& (2) & &# / + r > 1 +2?6 ΠFn|nk|k
+&. ? + +&.  ?6 ΠGrn|n,k1|k1  &2
ΠF k1|k1k′|k′ #  k
′ = (k2, . . . , kr) 6 72& !@" &# / +$. P M 8
+&. M &( 0  +++
Qn(C)   +  ?6 
( P = (p, p˜) : (M,O) → (M1,O1)  2762 +2?6 8
 +& v ∈ v(M,O) 6.    &( P # & -8
  +& v1 ∈ v(M1,O1)# / p˜(v1f) = v(p˜(f)) &. &H?0 f ∈ O1  M2
.# /   v       v1 2  +&.
&.H +&? v(M,O) +&? ' v(M,O) 
 &/# & P  +$. +&.# 22762 +/ p˜ : O1 →
p∗(O) l#  +M2 1 +2 +& v +.  8
  +& v1 = P(v) ?1 P : v(M,O) → v(M1,O1) .&.8
. 227622 +&? ' & v ∈ v(M,O) 6. 	#
& P(v) = 0 &( +&. &.H & KerP  +&? '
v(M,O) 
2 +?. &H-. 2# + - +&/.  [4] 
&85' 1 	 P : (M,OM ) → (B,OB) 0 $ % $$  !
(F,OF )& ' OF (F ) = C  *  $  - v(M,OM ) $ $!
 P &

&. +6&( +&. ((M,OM ), (F,OF ), (B,OB), P ) 2 +8
&&  m@n +/ W  B# +&.H- 12 2 21 U ⊂ B
21 0 &(0 0 +&  (p−1(U),OM )  2 1 ?&
6 &H- 1 
&85' 3 	 F  ! & 4# W 0   )2 + OB
!2 $#  $# $ dim v(F,OF ) $+! W(B)   !
3 $ )3  $)3 2  v(M,OM ) 
&. [3]# +2 + +/ W  +/ +&? '# .8
&.H-. +/2 FB82&#  FB   +/ ?/ 2+&8
 &/ 2?6. B 
&. M 22 09 6H
7&($H +/ OB
OB = J 0 ⊃ J 1 ⊃ J 2 . . .

     Π <D@
+.2 +/ & J # +1 /2 M&22 +/ OB 8





 (O˜B)p = J p/J p+1 +2?6 (B, O˜B) 6.  8
+2?6. (B,OB) 
&. W(p) = J pW # +&/2 7&($H +/ W
W = W(0) ⊃ W(1) ⊃ . . . . (5)




W˜p,  W˜p =W(p)/W(p+1). (6)
Z28 +/ W(p) $ Z28 +/ W˜p#  + M2
 ?1 W(p) → W˜p ? /2 
; N:<> ' %:485&&&F8'9=D Π	%5568"$D C '&#
 M2 + 2 12# / +  + D +& +28
?6. Π822/0 7& &. &H 2 1 K22
/&# /  &H- + 1 !2 [3]" 
55' 1 	 (M,OM ) 0 $$ $$  -2 (B,OB) 
! (F,OF ) $+! OB(B) = C  OF (F ) = C& 4# OM (M) = C&
 +( 12  6&( M + 
&85' ; 	 (M,O) = ΠFn|nk|k  # O(M) = C&
F
	 22 &/#  (M,O) = ΠGrn|n,k|k 
12 /8
&# /   (M, O˜) Π822/ +2  +.0
&270 7$ 
&. M +&(62. 2 ,&. h &. h ,8
 !2 mEn" )?6 M = Grn,k (  +# 627





)∣∣∣∣ A ∈ GLn−k(C), B ∈ GLk(C)} . (7)
. /( R +++ H +&.. 2 C = 0  6278
 ++ GLn−k(C) ×GLk(C) ( 1# 2 h  +&. ++
GLn−k(C)# GLk(C)  22 &27  &8
 E → M # H- &&( ?2 +/ E = J /J 2  mDn 8
6# / E    &# /H- +& +22
+&H ϕ ++ H # /   R 2 




∧p E # 2 1  + &270 / 8
 &.
∧p E# /H- +&H ∧p ϕ = ∧p(∗1⊗ 2) 
&.
M 1  2 9  M +&. !2 [5]" 8
22 +&?  t = {diag(μ1, . . . , μm)} &? ' g = gln(C)# 8
H- ++ ' G  p > 0 &H?   +&. 2
A
Λ = −μi1 − · · · − μip + μj1 + · · ·+ μjp ,
 1 ≤ i1, . . . , ip ≤ n− k# n− k+1 ≤ j1, . . . , jp ≤ n  p = 0 9   0 
 Λ = 0# /# 2  p > 0 +( μ1 = μia #  ia = max{i1,
. . . ip}#  μ2 = μjb #  jb = min{j1, . . . , jp}#  (Λ, μ1 − μ2) < 0 &&(#
 Λ  .&.. 22#  / 22 O˜0(M) = C# O˜p(M) = {0} +
p > 0 
22 +( 7$  (M,O) /# J p(M) = {0} + /8
 ?&(90 p 
&. &H? p ≥ 0 2. /. +&&(( +
/
0 → J p+1(M) → J p(M) → O˜p(M).
1. + $# 2# / J p(M) = {0} &. p > 0 
& 622# /
 &H?2 +2?6 ( &?&( +& +. 7$ 
&&(# O(M) = J 0(M) = C 
+&(6. +&/ 6&(  &22 <# & 6( 2  ?-2
&/ + $ 
?  <6&8$ 4& = ' %:485&&&F8'9 Π	%5568"$D C '&#
+&? ' 0 +&  +2 ΠGrn|n,k|k ?& 8
/&  ? mDnA
&85' ? 	 (M,O) = ΠGrn|n,k|k #
& v(M,O)  qn(C)/〈E2n〉 $ (n, k) = (2, 1)5
& v(M,O)  q2(C)/〈E4〉+⊃ 〈z〉 $ (n, k) = (2, 1) $+! ad z 2 
$#$ 6 q2(C)/〈E4〉   #$$*,2 $$&

& +. &H- ?6/.A (M,O) = ΠFn|nk|k , (B,OB) =
= ΠGrn|n,k1|k1 # (F,OF ) = ΠFk1|k1k′|k′   & 2 <  B +$. +&8
. (M,O) → (B,OB) +&. 22762 +&? ' P : v(M,O) →
v(B,OB) 6 M +$ &. &(  !@"
+++ ' Qn(C)  (M,O)  (B,OB) &# / H- M2
.2 22762 μ : qn(C) → v(M,O)  μB : qn(C) → v(B,OB) &8
.H &H μB = P ◦ μ K22# / ?6 (B,OB) 9 +&8
.  .  &H/&(2 &/H 2 5#  / 22762 P
Hl 
& 2 12# / P l   μ = P−1 ◦ μB 1
? Hl2 227622# #  2 &  + 1# &# /
v(M,O)  qn(C)/〈E2n〉 
 .6  M2 2 622. 6/2 & &(0 +& KerP
⊂ v(M,O)  + 2 2 +& &&( ? &/ +/ W˜

     Π <DE
 B ) 22 1   ++ G = GLn(C)  +/ W #
0.H- 7&($H !E"  $H-  M ++  +/ W˜ #
0.H-  q +6&.#  /# 2( &278
  & W0 → B# /H- +/ W˜0#   8
 & +&(6. ?6/. 6&( 2 @# /&2
& +& +++ H ⊂ G# 6H-  & M &.
 / o = H ∈ B q &  1&..  +&?
' v(F,OF ) 0 +&  (F,OF ) 
22 &&(H    / o  Π822/2 +8
2 (B,OB)# H-H ? I10¯ = {n−k1+1, . . . , n} 8








q  +&2  &   &.  / o  (M,O)# +&(6.
 ? Is0¯, s = 2, . . . , r#  6+. H- 
2$   !@"  ?6/.0 !="  !C" ++ H +?6 2$ ZI1
&H-2 ?62A⎛⎜⎜⎝
A 0 0 0
C B 0 0
0 0 A 0




CX1 + B CΞ1
AΞ1 AX1
CΞ1 CX1 + B
⎞⎟⎟⎠ .
&&(# 2$ ZI2 +?6. A(
CX1 + B CΞ1








BX2 + CX1X2 + CΞ1Ξ2 BΞ2 + CX1Ξ2 + CΞ1X2




K22# /  2$ ZIs , s ≥ 2# 6H &&( 8
  & (F,OF ) I? 6+(  M0 0  ++ H 
& &. W0  / o# 1 +&1(  !J" X1 = 0, Ξ1 = 0  8
H-2 ?62 +?6( 2$ ZIs , s ≥ 3 H &# /
&(& ++ H  +++ GLn−k1(C)   / R H
 (F,OF ) &(#  +++ GLk1(C) ⊂ R  2 ?8
62#    /. /( +++ Qk1(C) !2 !B"" 
&# $
 ++ GLk1(C)  v(F,OF ) +  +2 +&8
2 / / +++ Qk1(C) &1 /& + +( 
&H- &22#   /6 Adk1 ?6/ + +&8
 ++ GLk1(C)  + slk1(C)#  /6 1 h 2 &(
+& 
55' 3 	$ ψ #$) H   (W0)o = v(F,OF )  $!&
' v(F,OF )  qk1(C)/〈E2n〉 
ψ|v(F,OF )0¯ = Adk1 , ψ|v(F,OF )1¯ = Adk1 +1. (10)
<DF 
 
' v(F,OF )  q2(C)/〈E4〉+⊃ 〈z〉 ( 7! + r = 2) 
ψ|v(F,OF )0¯ = Ad2 +1, ψ|v(F,OF )1¯ = Ad2 +1. (11)

& 2 ?2 +&(6(   ΠFn|nk|k # H-H ?2 Is0¯#
 I10¯ ? 9#  Is0¯ = {ks−1−ks+1, . . . , ks−1}# s ≥ 2  2$








 Xs = (xsij)# Ξs = (ξ
s
ij) ?&( +&. M  ? ?6/(.
/6 U  
55' ; 8$ (!)3  $)3 2  (M,O)    













# uij  vij 9  $)   $) )$"*   +$-  $) -
ZI1 &
F
	 +2# +2# &. +&.
∂
∂x111
 q +&  8
+2/ +++ exp(tE1,n−k1+1) 
&(#  M +8











⎞⎟⎟⎠ , ZIs → ZIs , s ≥ 2,

X˜1 =
⎛⎜⎝ t + x
1
















?2  ?6 (vq) +&? ' v(F,OF )  & &22 < 6 m@n
&H? &(  +&  (M,O) 6/ 6+.  ?&





 fq h &27 7$  U !&  V "   6 2$ ZI1  

& 2 +?.
55' ? 	 KerP = {0}& 4# ,  v ∈ KerP \{0}   $#
- (12) !  v =
∑
q fqvq, # fq 9 #!$() ( %  +)3
 $ - !$%) ZI1 &

     Π <D=
F
	 (  6+ !<D" & &( +&. v /8
H. 7$ fq# 6.-# +2#  ξ
1
ij    v = ξ
1
ijv
′ + v′′#  v′  v′′ 
&(  +&.# M77$ 0  6+ !<D"  6.
 ξ1ij # +/2 v
′ = 0 +&(6. &22 3   7# / KerP h &  v(M,O)#
2# / v′ = [v, ∂
∂ξ1ij
] ∈ KerP    6 6+ !<D" 21 +&&( 8
&H/(  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